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ABSTRACT 

T h e  theo ry  o f  react ion rates gives a p p r o x i m a t i o n s  o f  the type A T b e - E / a t  for  
ra te  cons tants .  In  the rmal  analysis  the  case where  b = 0 is used  in kinet ic  calculat ions.  
However ,  i f  b is r ega rded  as a variable,  t r e a t m e n t  o f  the  non- i so the rmal  kinet ic  
equa t ions  is n o t  m o r e  compl i ca t ed  t h a n  in the  special case o r b  = 0. In this pape r  Pad~ 
app rox ima t ions ,  descr ibed in the  l i terature o f  the  special  funct ions ,  a n d  Legendre ' s  
c o n t i n u e d  f ract ions  are  p r o p o s e d  for  eva lua t ion  o f  the  AJ'T b e - r m r  d T  inte~o~a!s. 
T h e  C o a t s - R e d f e r n  type  m e t h o d s  for  the  de t e rmina t i on  o f  the  kinet ic  pa ramete r s  are  
d i s c ~  analys ing the  errors  o f  a p p r o x i m a t i o n  involved in their  deduc t ion .  O n  this 
basis a modif ied  pa rame te r  es t imat ion  scheme is p roposed .  

INTRODUCTION 

In  the rmal  analysis  the  widely used express ion for  the  rate cons t an t  (k)  is 

k = A c -EI~T (1) 

Appl ica t ion  o f  eqn.  (1) seems to  be the  m o s t  sui table  way  o f  descr ibing the  overall  
kinetics o f  react ions  hav ing  a complex  mechan i sm.  T h e  theory  o f  un imolecu la r  
react ions,  however ,  leads to  the  a p p r o x i m a t i o n  

k = A T o  -~ lRr  (2) 

while in the  case o f  a solid + g~a~ - - . . . .  type  b imolecu la r  react ion the  expres_sion 

k = A T ° - s  e - E l x r  ( 3 )  

seems to  b¢ m o r e  cor rec t  t h a n  ¢qn. (1). (Here  the  fac tor  T °-5 is connec ted  with the  
n u m b e r  o f  ga~ molecules  col l id ing wi th  the  reac t ion  surface in  un i t  t ime) .  

In  the rmoana ly t i ca l  ca lcula t ions  the  simplif ied eqn.  (1) is used  w h e n  uni-  
m o l ~ ' n l a r  dccmmposi t ion  o r  a sol id + gas --* . . .  type  reac t ion  is c la imed to  be  ra te  
dc tormining .  Since eqns.  (2) a n d  0 )  can  be  well a p p r o x i m a t e d  by eqn.  ( 1 )  i n  a n o t  t o o  
wide  range  a n d  values o f E a n d  A co r r e spond ing  to  eqns.  (2) a n d  (3) can  be  calcula ted 
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f rom eqn. (!) ,  the replacement o feqns .  (2) and  (3) by eqn. ( I )  is acceptable. But this 
replacement  brings no  practical advantages. It can be shown that  the application o f  
eqns. (2) and  (3) in the non-isothermal  kinetics is jus t  as simple (or  just  as complicated)  
as that  o f e q n .  (1). It v,~s shown recently by Gorbachev  tha t  the same equations,  the 
game approximations and  the same parameter  eztimation methods  can be used in all 
three cases_ A similar way will be followed in the present paper,  too. Methods  described 
in the literature for the special functions will be proposed for  evaluation o f  the integral 

f k d T ~  f~'.YSe-~-"rdT (4) 

These approximations may be useful in theoretical deductions,  in kinetic simulation 
and  in mraphic~l or  computer ized determinat ion o f  kinetic parameters.  

Following the conventions o f  numerical  analysis, the e r ror  o f  the approxima-  
tions proposed will be estimated by error  est imation formulae.  As regards the deter- 
minat ion o f  E and  ,4, generalization o f  Lhe widely used Coa t s -Redfe rn  ~.ypc methods  
v-ill be discussed paying particular at tent ion to improvement  o f  accuracy. 

E',-rEGRA~O.~ OF k(T) 

ln[roducing the new variable y = E]RT and  the notat ion s ~-~ b .'-- 2 we have 

T 

f Tb :-£'RT dT = (E/R,'-' f .V-" e-" dy (5) 
0 y 

The  integraJ on the right hand side is denoted by p,0,') 

p~_O - J y-" e-"  dy (6) 
Jr 

In ref. 2 Pad~ approximations are ~ v e n  for  this type o f  integral. The  first Pad~ 
approximat ion is 

p,0") ~ .~'~-" e-~0" -:- s ) -  ' (7) 

The  equivalent o f  this formula was also deduced by Gorbachev '  and  by Doyle  3 at 
s ~ "  2. 

The  second Pad~ approximat ion is 

p, Cv)--~ y - = c  -y  Y + 1 
y + s + l  (8) 

In the s ~- 2 case eqn. (8) corresponds to the first term o f  the series proposed by 
Van Tets 4t_ 

The  Pad~ approximations  of integral  (6) are equivalent to  the truncated parts o f  
the fo l low/ng  cont inued fractions due to Legendre 2 
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PJY) = y l  --- e-~, $ 
y +  

I +  

Y ÷ 
s + l  

2 
1 +  

Y +  
s + 2  
1 + .  

(9) 

I t  is n o t  t o o  c o m p l i c a t e d  to  es t ima te  the  e r ro r  c a u s e d  b y  the  t r u n c a t i o n  o f  eqn.  (9).  
(S imple  differential  ca lcu lus  c an  be  app l i ed  regard ing  the  c o n t i n u e d  f rac t ion  as  a 
func t ion  o f  a func t ion  o f  a f u n c t i o n . . ,  etc.) .  In  this w a y  the  relat ive e r ro r  o f e q n s .  (7)  
an d  (8)  was  f o u n d  to  be  a p p r o x i m a t e l y  

m 5 

0 " +  s ) 0 "  + s + t )  

and  

- s y - ( 1 0 7  

s(s + 1) ,~. S2 y - 3  ( l i )  
y f y  + 0 0  + s + 1) 

respectively.  
In t he rmoana ly t i ca l  s tudies  y is n o t  less t han  10. A t  s --= 2 a n d  y = 10 the left  

h a n d  sides o f  eqns.  (10) a n d  (11)  a re  equa l  t o  - -0 .013  a n d  0 .004 respectively.  ( T h e  

ac tua l  relat ive e r rors  o f e q n s .  (7)  and  (8)  a re  - -0 .013  a n d  0.003 a t  s = 2 a n d  y = 10). 
A t  a m o r e  usual  y ,  let us say  a t  y ~ 30, these  va lues  a r e  equa l  t o  - -0 .0019  a n d  0 .0002 
respect ively.  

In  c o m p u t e r  ca lcu la t ions  a h igher  a c c u r a c y  can  be  ach ieved  t h r o u g h  eqn.  (9).  
T h u s  i f  eqn .  (9) is t r u n c a t e d  a t  the  sixth sign o f  divis ion,  the  relat ive e r ro r  o f  the  
f o r m u l a  will be  a p p r o x i m a t e l y  

- - 6 s ( s +  17(s+ 27 (12) 
O ' +  s ) ( y  + s + 1 )2(y  + s + 2 ) 2 ( y  + s + 3) 

A t y  = 10 this express ion  indicates  relat ive e r ro r s  o f  a b o u t  10-  s a t  s = 2, 2.5 a n d  3. 
A t  y ---- 30 this va lue  is a b o u t  10 -  ~ 

A n  a l te rna t ive  w a y  o f  ca lcu la t ing  the  p , ( y )  integrals  is t h r o u g h  the  app l i ca t ion  
o f  the  fo l lowing e x p a n s i o n  

( a l  a2 . a3 ' ) 
p , ( v ) = y - S e  - y  1 + v T I ÷ O . +  l )  O . + 2 ) ~ - ( y ÷  1) 0 :  + 27 (y  + 37 ~- ...  

(13) 

This  type  o f  series is well  k n o w n  in the  l i te ra ture  o f  t he rma l  ana lys is  f r o m  the  w o r k  o f  
Van  Kreve len  a n d  c o w o r k e r s  5 w h o  u s e d  the  c o r r e s p o n d i n g  e x p a n s i o n  o f  p j 0 ' )  g iven 
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T A B L E  I 

C O ~ e . ~ . ~ ' ~  f o r  FJ~.~. ( i 3 )  

~ 0  - - ~ 0  4 . 0  - -  1 0 . 0  3 0 . 0  - -  1 0 8 . 0  ~ . 4 . . 0  
"~ 5 - -  2 . 5  6~.25 - -  1 8 . 1 2 5  6 1 . 5 6 3  - -  2 4 2 . 6 5 6  1 0 8 8 . 5 1 6  

3 . 0  - -  3 . 0  9 . 0  - -  3 0 . 0  1 1 4 . 0  - -  4 9 2 . 0  2 3 8 8 . 0  

by Schl tml ich  and  expressed Pz (Y )  througJ3 PIO')  by partial integration. However ,  
expansion (13) can be applied directly for P2(Y) as well as for  any  o ther  P~0,'). The  
method  for determinat ion o f  the constants  a .  can  be found  in ref. 6. The  a .  calculated 
in this g~ay are  W e n  for s = ~ 2.5 and  3 in Table  ! for  actual  kinetic calculations. 
The  relative e r ror  o f  the formula  can be est imated by the first omit ted  term in the 
series. 

Compar i son  o f  eqns. (9) and  (13) shows tha t  I_¢gendre's cont inued  fractions 
~ v e  more  accurate  approximat ions  within the same t ime o f  computa t ion .  (In this 
compar ison eqn. (13) is assumed to be evaluated in a H o m e r  type a r rangement  to 
make  the calculation faster). A practical advantage  o f  Legendre 's  me thod  is the 
lack o f  the specific coefficient a , .  Thus  a t  proper  compu te r  p rogramming  the high 
precision evaluation o f  any  p,0") can be carr ied ou t  by a single p rogram line. However ,  
the choice between eqns. (9) and  (13) is a mat te r  o f  taste. 

C O A ' F S - R E D F E R _ ~  T Y P E  L I N E A R I Z A T I O N  

At this point evaluation o f  the "~netic parameters  f rom T G  curves will be 
considered_ Let x be the fraction reacted, then the usual kinetic equat ion o f  thermal  
analysis has the form 

dx/dt = k(T)f(x) 

where t = t ime and k ( T )  

we Pave 

(14) 

= rate constant ,  lnteo~mting eqn. (14) at  constant  d T [ d t  ~ a 

_ A [ E ~  " - 1  
g(x) a V R - ]  P ~ ' )  (16)  

F r o m  eqn. (1;) one  can see that  Ps can be considered as a p roduc t  o f  y -S  e - "  with a 
factor  which changes slowly with ¥. Let  us denote  this factor  by qs(Y) 

x T 

O(x) - f ( x )  - a 
O To 

Since usually k = 0 a t  T < To, To may  be re~arded as zero. Using e~t~. (5) and  (6), 
eqn. (15) can be written in the  form 
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p,O") - Y-" e - "  q Cv) 

Subs t i tu t ing  eqn.  (17) in eqn.  (16) a n d  r em ember ing  t ha t  y = E [ R T  we get  

07) 

A R  
g(~O - -  a---E T" e - "  q~(y') (18) 

o r  in lo~xr i thmic  fo rm 

In g(x)  _ In --AR -,-" In q. -- y (19) 
T s a E  

I f  the  small  t e rm (In qs) is neglected a generalizaz;.on o f  Coa t s  a n d  Redfern ' s  m e t h o d  7 
is ob ta ined .  I f  (In q~) is regarded  as c o n s t a n t  a n d  is a p p r o x i m a t e d  t h r o u g h  eqn.  (7) 
then  Gor bac he v ' s  eqn.  (1) is obta ined .  I f  h igher  precis ion is required,  On q~) m a y  be 
a p p r o x i m a t e d  as  

In qs ~ Co + c l Y  (20)  

by expand ing  it in a Tay lo r  series a r o u n d  a po in t  y. In  this way E and  A can be 
eva lua ted  in the  fol lowing steps: 

(1) T h e  values o f  in g ( x ) / T  ~ obta ined  f rom exper imenta l  da ta  x and  T are  
a p p r o x i m a t e d  by a l inear func t ion  o f  l I T  

in g ( x )  _ Bo + B l  l (21) 
T s T 

(2) Us ing  Coa ts  a n d  Redfern ' s  m e t h o d  a first a p p r o x i m a t i o n  o f  E is de t e rmined  
t h r o u g h  the  f o rmu la  

E (22) 
B I = - -  R 

(3) A po in t  T is chosen  somew here  in the  midd le  o f  the  t empera tu re  interval 
o f  d ecompos i t i on  a n d  us ing the  first a p p r o x i m a t i o n  o f  E the  co r r e spond ing  ~ ---- E / R T  
is calculated.  (In q,) is expanded  in to  a Tay lo r  series a r o u n d  this po in t  ~. T h e  corre-  
s p o n d i n g  coefficients c o and  c I can  be ca lcula ted  f rom eqn.  (8) which  gives the  
a p p r o x i m a t i o n  qs ---- (Y + 1/(y + s + 1). I n  this way 

s (23) 
c ,  0 +l) 0 +s+l) 

Co = In _ ~ +  1 y -t- s + 1 c t ~ (24) 

(4) K n o w i n g  the  values o f  c I a n d  Co, E a n d  A can  be de t e rmined  immedia te ly  
f rom the  equa t ions  

E ( 2 3  B l = - -  (1 - -  c O  R 
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A R  
- -  " c o  ( 2 6 )  B o = in aE " 

Cl['hese re la t ions  fo l low di rec t ly  f r o m  eqns.  (19), (20) a n d  (21).)  
T h e  c o r r e c t e d  va lue  o f  E d e t e r m i n e d  in this w a y  m a y  differ  by  a few pe r  c e n t  a t  

t he  mos t  f r o m  the  value  o f  E p rov ided  by  Coa t s  a n d  Redfe rn ' s  o r  by  G o r b a c h e v ' s  
m e t h o d .  As regards  t he  values  o f  A, however ,  t he  c o m p l e t e  omiss ion  o f  the  t e r m  
On q,) m a y  cause  an  e r r o r  o f  up  to  5 0 %  while  n e ~ e c t i o n  o f  c ~  in eqn .  (24) m a y  
result  in an  e r r o r  o f  1 0 - 3 0 ~ .  

THE ERROR OF U . ~ E A R I Z A T I O N  

In this  p a r a g r a p h  dev ia t ion  o f  the  theore t ica l  In g(x ) ]T  ~ vs. l I T  plots  f r o m  the  
perfect  s t ra ight  l ine will be  cons idered .  Us ing  the  e r r o r  f o r m u l a  o f  the  T a y l o r  series 
we have  fo r  the  e r r o r  o f  l inear izat ion 

! d • In 
q °9 Cr - ( 2 0  

2 dy-" 

w h e r e  y" is a n  u n k n o w n  po in t  be tween  y a n d  y ' .  A p p r o x i m a t i n g  qffi t h r o u g h  eqn .  (8) as  
above ,  d- ' ln q=:dy'- is f o u n d  to  be a b o u t  --2s./> ,3. I f  the  g rea tes t  va lue  o f  lY --  Y;] 
ar is ing in the  ~ , ' e n  p a r a m e t e r  e s t ima t ion  is d e n o t e d  by  Ay, t h e n  a c c o r d i n g  to  eqn .  (19) 
the  ztln g ( x )  :T ffi c o r r e s p o n d i n g  to  the  Ay is a b o u t  Ay. T h e  relat ive e r r o r  o f  the  l ineari-  
za t ion  is the  quo t i en t  o f  express ion  (27) a n d  d i n  g ( x ) ! T  s. In  this  w a y  it  is approx i -  
ma te ly  

x 3,'- 3 A y  ( 2 8 )  

R e g ~ d i n g  a ~ u a l  values  o f  E a n d  T it c an  be  seen tha t  the  t e r m  (28) is o f  the  o r d e r  o f  
10-3  a t  the  most .  

Li N'EARZZ.~,TI O N TECHNIQUES 

S o m e  g i d e l y  used a n d  well e l a b o r a t e d  kinet ic  eva lua t ion  m e t h o d s  s" 9 a r e  based  
on  the  l inear i ty  o f  the  In g(x )  vs. i [ T  plots.  T h o u g h  a t  usua l  values  o f  E a n d  T these  
plots  a r e  fair ly l inear,  i t  will be  s h o w n  tha t  the  e r r o r  o f  l inear iza t ion  is cons iderab le ,  
h ighe r  t h a n  tha t  o f  the  In g ( x ) i T  ffi vs. ! [T  plots  a n d  a t  y < 20 this  l ineaxizat ion migh t  
b e c o m e  deficient  in the  d is t inc t ion  be tween  the  possible m e c h a n i s m  hypo t he se s  
I t  f o H o ~  f r o m  ¢qns. (16) a n d  (17) t ha t  

A ( E y - '  
a l f - R - ]  - s In .r + In qs - y (29) 

Nov," t h a t  the  ( - -  s In y .'-- in q~) func t ion  m u s t  be  f inearized,  t he  e r r o r  t e r m  is a b o u t  

( 2 )  2 dj, "2 ( -  $ In y + In qz) (Ay)'- ~ s y - --  s y - 3  (Ay)"  (30) 
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According to eqn. (29) the change o f  In g(x )  in a given interval Ay is abou t  

g(x) = d--~ ( -  s In y -I- in q, -- y) Ay ~ -- Ay (31) A in 

In this way the relative e r ror  o f  linearization is approximate ly  

( - -  ½ s y -  z + s y -  a)Ay (32) 

Note  that  eqn. (32) is abou t  y times m~.ater than  the term (28). At  small y values 
eqn. (32) indicates errors  o f  about  1 ~ .  Since the distinction between different 
react ion mechanisms is sometimes based on  extremely small differences in the 
correlat ion coefficients ~ o a relative e r ror  o f  0.5-1 ~o might  be important .  However ,  a t  
usual values o f y  eqn. (32) has sufficiently small values. 

The  paxameter  est imation method  proposed in the present paper  (eqns. (21)-  
(26)) may  be used with the in g(x )  = Bo --  BI I / T  linearization, too_ 

The  only difference is tha t  eqns. (22), (25) and  (26) must  be replaced by the 
following 

E 
Bi = R s ( 3 3 )  

E 
Bl = -- ( t  -- c l ) - -  ~- -- s (34) 

= + i n 3 5 - -  1 + c  o (35) a 
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